Abstract. We will compute the subgroup permutability degree of the projective special linear groups PSL(2, p n ).
Introduction.
Probabilistic group theory is one of the oldest areas in group theory. It has been the centre of attention to many authors and it is studied in many directions. Among various kinds of probabilities defined to date, one can refer to the work of Gustafson [6] who initiated studying the commutativity degree of elements of a finite group. This concept can be generalized and modified in many directions. Two subgroups H and K of G permutes if HK = KH. Hence, by changing the role of elements to subgroups in a finite group, one can obtain a modification of the commutativity degree of a finite group.
Let L(G) be the lattice of all subgroups of G. Then, the subgroup permutability degree of G is the proportion of the number of all ordered pairs (H, K) of subgroups of G by |L(G)| 2 . In other words,
Tȃrnȃuceanu in [10] introduces the subgroup permutability degree of a finite group and computes it for some classes of finite groups, namely dihedral groups D 2n , generalized quaternion 2-groups Q 2 n , quasi-dihedral groups QD 2 n (n ≥ 4) and modular p-groups M p n (n ≥ 3). These groups together with the abelian groups ‫ޚ‬ p n × ‫ޚ‬ p present all finite p-groups, which have a cyclic maximal subgroup. In [11] , he also gives many open problems concerning the subgroup permutability degree and its generalizations.
The subgroup permutability degree of finite groups has a close relationship to the problem of counting the number of factorizations of finite groups. We recall some terminologies. A finite group G is factorized if G = AB for some subgroups A and B of G and this factorization is proper if A and B are proper subgroups of G. The number of all possible factorizations of G is called the factorization number of G and is denoted by F 2 (G). The factorization of groups has been the focus of much research in such a way that how the structure of a group is influenced by the structure of subgroups in a given factorization. On the other hand, determination of all factorizations of a given finite group has been the interest of many authors, which helps to get, as a consequence, a better understanding of the factorizations. We remark that the factorizations of a large variety of finite simple groups are known and we may refer the reader to [1, 4, 5, 8, 12] .
The subgroup permutability degree and factorization numbers are connected through the following formula:
We intend to compute the subgroup permutability degree of the finite simple groups PSL (2, p n ). To end this, it is necessary to know the structure of subgroups of these groups, which is well-known and is stated in the following celebrated theorem of Dickson. Also, it is necessary to mention the following prominent structural result concerning the projective special linear groups over finite fields, which we will use frequently in the sequel.
Note that in the above theorem, for H, K and L we have
In what follows, the centre of SL (2, p n ) is denoted by Z. (2, p n ). According to equation (1), to compute the subgroup permutability degree of the group PSL(2, p n ), it is enough to compute the factorization number and the size of isomorphism classes of its subgroups. We first give the factorization number of all subgroups except those of type (7) in Theorem 1.1, which is computed by the authors in [9] .
Factorization numbers of subgroups of PSL
THEOREM 2.1 [9] . If G = ‫ޚ‬ n is a cyclic group, then
where n = p
m . The authors [9] gave the following recursive formula for the factorization number of finite elementary abelian p-groups.
where
is the number of subgroups of ‫ޚ‬ n p of order p i . The number
is called a Gaussian binomial integer. Here, we will use a better formula obtained by the second author.
is a Gaussian trinomial integer.
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0017089512000766 Downloaded from https://www.cambridge.org/core. IP address: 54.70.40.11, on 08 Apr 2019 at 01:07:41, subject to the Cambridge Core terms of use, available at THEOREM 2.4 [9] . Let G = PSL (2, p n ) be a projective special linear group. Then, In the remainder of this section, we shall compute the factorization number of subgroups of type (7) in Theorem 1.1. To prove Theorem 2.6, we need to fix some notations. Let F be a field and E ⊆ F. Then, the subfield generated by E is denoted by (E), and we use E + and E × for an additive and multiplicative subgroup of E, respectively. Also, the notations E ≤ F, E + ≤ F + and E × ≤ F × indicate that E is a subfield of F, E is an additive subgroup of F and E is a multiplicative subgroup of F, respectively. For a subgroup H of H and a subgroup K of K, the associated additive and multiplicative subgroups E + H and E × H of H and K of F = GF(p n ) are defined as follows, respectively, The following numbers will be used in the next theorem.
where V is a vector space over the field F and E 1 , E 2 are subfields of F. 
Proof. Since S is a subgroup of PSL(2, p n ), its subgroups can be determined via Theorem 1.1. Clearly, S has no subgroups of the form A 5 and a nontrivial special or general linear group as it is solvable. Suppose that S has a non-abelian dihedral subgroup X. Then, X = x y and x / ∈ H for x is not a p-element. Hence, x ∈ K h for some h ∈ H. Since S/H is abelian we have [x, y] ∈ H. On the other hand, [x, y] ∈ K h , which implies that [x, y] = 1 is a contradiction. If S has an alternating subgroup X of degree four, then X ∼ = ‫ޚ‬ 2 × ‫ޚ‬ 2 ≤ H. In particular, p = 2 and X is a group of type (7) of Theorem 1.1. Also, if S has a symmetric subgroup X of degree four, then it has the dihedral group of order eight as its subgroup, which contradicts our previous result. Hence, a subgroup of S is an elementary abelian p-group, a cyclic group or a group of type (7) in Theorem 1.1.
Let A and B be subgroups of S.
and h 1 , h 2 ∈ H. If S = AB, then an arbitrary element hk of S can be written in the form ux h 1 vy h 2 , where h ∈ H, k ∈ K, u ∈ U, v ∈ V , x ∈ X and y ∈ Y . From the equality hk = ux h 1 vy h 2 , it follows that
. Hence, H = UV and K = XY. A simple verification shows that these latter conditions are also sufficient to assure that S = AB. Hence, the number of factorizations of S equals the number of simultaneous factorizations H = UV and K = XY, where U, V , X and Y satisfy the aforementioned properties. We shall count such factorizations.
By Theorem 1.2, we may assume without loss of generality that H ⊆ H and K ⊆ K. . Now, we construct all the factorization of the group S. Let K = XY be an arbitrary factorization of K into subgroups X and Y . Then, H = UV is a factorization of H into subgroups U and V such that X ⊆ N G (U) and Y ⊆ N G (V ) if and only if E
. (h 1 , h 2 ∈ H) giving rise to a factorization of S, respectively. Therefore, the number of factorizations of S is
The proof is complete.
The size of isomorphism classes of subgroups of PSL(2, p n )
. In this section, we shall compute the size of isomorphism classes of subgroups of G = PSL(2, p n ), which enables us to calculate the subgroup permutability degree of G. If S is a subgroup of G, then the size of isomorphism class of subgroups of G with representative S is denoted by N S . As in the previous section, the size of isomorphism classes of all subgroups of G except those of type (7) in Theorem 1.1 is known. Hence, we compute the size of isomorphism class of subgroups of type (7) 
Proof. Without loss of generality, we assume that H ≤ H and K ≤ K. Let H K be a minimal K-invariant subgroup of H and let |H K | = p m K . We show that Y = {H 
and
Hence, the number of K-invariant subgroups of H of order p m K l equals
Thus,
, the subgroup K lies in the normalizer of two different conjugates of H. Therefore,
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Let N i denote the number of subgroups of type (i) in Theorem 1.1. Invoking Dickson's results in [2] in conjunction with the previous lemma, we obtain the following result. A direct consequence of the above lemma is given in the following corollary. Problem 2. Give an explicit formula for the numbers n (V, F; E 1 , E 2 ). Is there a closed formula for the special cases n = 0, 1?
